A dynamics model of satellite formation flying (SFF) is derived in an elliptical orbit with the existence of J2 perturbation and the Lorentz force. The Lorentz force is considered as the propellantless electromagnetic propulsion for orbital maneuvering and maintenance. However, the direction of Lorentz force is limited by the local magnetic field and the velocity of the spacecraft with respect to the local magnetic field, which is unable to provide the required control acceleration timely; therefore, it always works as an auxiliary strategy to reduce the fuel consumptions. Based on the above assumptions, the fuel-optimal control scheme is proposed for the SFF based on the minimum sliding mode error feedback controller (MSMEFC), which is implemented by using the thruster control and Lorentz force. Moreover, the optimal trajectories of the required specific charge of deputy Lorentz spacecraft and the thruster-generated control acceleration have been developed with details, respectively. Numerical examples are presented to demonstrate the efficacy of the proposed controller to maneuver and maintenance the SFF with the optimal fuel consumptions.
Introduction
According to the fundamental physical principle, a moving charged particle experiences the Lorentz force in a magnetic field. It is deduced that a charged spacecraft could actively generate the Lorentz force by modulating its surface charge when it moves through the Earth's magnetic field. Therefore, the Lorentz force is a possible good means to control the spacecraft without the fuel consumptions [1] [2] . However, due to the limitations that the directions of Lorentz force is determined by the local magnetic field and the velocity of the spacecraft with respect to the local magnetic field. As the result of this constrain, the Lorentz force cannot completely replace the traditional propulsion technologies. It always works as a means of auxiliary propulsion to reduce the expenditure of the fuel onboard, which can extend the work life and reduce the life cycle costs for the most space missions [3] [4] . Thus, the concept of Lorentz-augmented spacecraft has attracted the enough attentions and become the hot research spot, since it is proposed [5] [6] [7] .
Various applications of the Lorentz force acting on the spacecraft have been studied and used to achieve Earth synchronous orbit [2] , propellantless maneuver [5] and rendezvous [8] [9] , planetary capture [10] , spacecraft hovering [4, 6, 11] , and spacecraft formation flying (SFF) [3, [12] [13] [14] and so on. In recent decades, SFF has been identified as an enabling technology for many future space missions [15] . It is because that the functionality of a single complex spacecraft can be distributed by a cluster of smaller, closely flying spacecraft. This strategy has several advantages over than a single spacecraft, including the ability to enhance the resolution of observation, improve the flexibility and redundancy [16] , be real time reconfigurable [17] , adapt to highly dynamic demands, and lower life cycle costs [18] . Traditionally, the formation spacecraft are propelled by the thrusters onboard to perform the orbital control. The work life cycle of most SFF missions are constrained by the amount of propellant onboard, especially for the deputy spacecraft to maneuver or maintenance with respect to the chief spacecraft for a long time. It is anticipated that the formation flight is one of the important applications for which the Lorentz-augmented orbits is well suited. Yamakawa et al. studied the effect of the Lorentz force on the relative motion between spacecraft [19] . Shu et al. discussed the control problem for the SFF by using the Geomagnetic Lorentz force in a circular or elliptical orbit [12] . The optimal Lorentz-augmented controller had been proposed for the SFF in elliptic orbits by Xu [3] . Pollock et al. studied the relative motion, which includes the effect of both Lorentz and coulomb forces [20] .
Obviously, the developments of the SFF technology by using the Lorentz force have the important theoretical values and broad application prospects. However, due to the characteristics of SFF technology and the physical properties of Lorentz force, its development poses tremendous challenges. The main challenge is to control the relative position between the chief and deputies in the formation when the external perturbations from gravitational perturbation, atmospheric drag, solar radiation pressure, and Earth oblateness cause the drifts of desired formation position [17] . Additionally, the Lorentz force is constrained by its directions in the Earth's magnetic field. The optimal combined strategy between the Lorentz force and thruster force is the theoretical difficulty to address. With a view to tackle these challenges, this paper focuses on developing the robust control schemes with the Lorentz force that can achieve the formation objectives, even in the presence of unknown spacecraft masses, uncertainties and perturbations.
In this paper, a novelty controller is proposed based on the minimum sliding mode error feedback control (MSMEFC) with the optimal use of the Lorentz force for SFF. The MSMEFC is first proposed by Cao et.al [21] [22] , which is a robust nonlinear feedback sliding mode control (SMC) methodology with the advantages of rapid response, even to estimate the external perturbations. Hence, the novel revision of MSMEFC is innovative developed by three steps. The first step is to design an adaptive nonsingular terminal SMC (ANTSMC) with the estimation of spacecraft masses without the effects of unknown perturbations. Based on the controller designed in the first step, a cost function is formulated on the basis of the principle of minimum sliding mode error; then the unknown perturbations are estimated and fed back to the ANTSMC, which constitutes the new MSMEFC. It is obvious that the new MSMEFC can estimate the spacecraft masses and unknown perturbations, in order to enhance the control performance and precisions. Then, to minimize the fuel consumption of the new MSMEFC for SFF, the optimal control law of Lorentz force is proposed as the auxiliary propulsion by solving the fuel-optimal objective function [17] .
The present paper is organized as follows. Section.2 introduces the complete nonlinear mathematical model of the SFF system and deduces the Lorentz force experienced by a charged spacecraft. The novelty MSMEFC is formulated with the optimal Lorentz force as the auxiliary propulsion, which is demonstrated with detailed proof of stability in the presence of unknown spacecraft mass, thruster fault and external perturbations in Sec.3. For a detailed assessment of the proposed control strategy, numerical simulations are performed in Sec.4 to verify its effectiveness. In Sec.5, some discussions and concluding remarks are presented.
Dynamic Model of Spacecraft Formation Flying

Equation of Relative Motion
The investigated system comprises a chief spacecraft in an elliptical planar trajectory and a deputy spacecraft moving in a desired relative trajectory around the chief, as shown in Fig.1 . The inertial coordinate system O XYZ  is attached to the center of the Earth. The chief orbit is described by a radial distance   local-vertical-local-horizontal (LVLH) frame as Fig.1 . The relative orbit position vector ρ is expressed in this frame. Hence, the relative position and velocity of the deputy satellite from the origin of the chief satellite coordinate frame is defined by Figure 1 . Illustration of a chief-deputy type of satellite formation.
In this study, the spacecraft are modeled as point masses and the 2 J perturbations of the chief and deputy spacecraft are considered in the mathematical model. Hence, the relative motion for the chief spacecraft with respect to the deputy, taking into account the thrust, Lorentz force and perturbation forces, can be written in the form of TH equations [23] . 
Where   is the instantaneous angular rate of the chief orbit and   is the acceleration of true anomaly. 
Where
Where U c L   a a a . For the convenience of the controller design and the estimation of spacecraft mass, the Eq.(6) can be restated as:
    
Where D m stands for the unknown mass of deputy spacecraft, 3 1 , ,
 is the total control force of the thruster and Lorentz force. It is assumed that the control input has the saturation limit defined by
 is the external disturbance forces on the deputy, which are time-varying attributed to atmospheric drag, solar radiation pressure, and third-body perturbations. For controller synthesis, we assume that the disturbance is unknown. It is clear that the condition of d  U F must be satisfied to ensure the design controller available.
Lorentz Force
In this subsection, the acceleration of Lorentz force is derived by a particle of charge q in the rotating reference. The chief spacecraft is assumed to fly in a given elliptical orbit with the inclination
X Y Z be an ECI reference frame whose origin is at the center of the Earth, where the X axis points towards the vernal equinox and Z axis is towards the North Pole, the Y axis completes the right-hand triad. To simplify the analysis, assume that the geomagnetic field can be modeled as that of a perfect dipole at the center of the Earth and the magnetic North Pole is aligned with the Earth's geographic North Pole. In terms of the spherical coordinates, which consist of radius r , colatitude angle , and azimuth from X axis , the magnetic field can be expressed as:
Where 0 B is the strength of the field in weber-kilometer. Then the Lorentz acceleration L a experienced by a particle with charge q moving through a magnetic field B is given by:
Where q m   is the specific charge (i.e., charge-to-mass ratio) of Lorentz spacecraft, with q and m being the charge and the mass of the Lorentz spacecraft, respectively. rel V denotes the relative velocity of the Lorentz spacecraft with respect to the local magnetic field B . V is the velocity vector of the spacecraft and the e ω is the Earth's angular velocity vector. Hence, the Eq. (10) shows that the rotation of the magnetic field allows the Lorentz force to do work on the spacecraft.
One first needs to express rel V in terms of the Hill coordinates. The detailed explanations of the coordinate transformation leading to the expression of rel V in the Hill frame is provided in reference [26] . The expression for the Lorentz spacecraft's velocity relative to the local magnetic field is given: 
Then, let r in the ECI frame   , , 
To obtain B in the Hill frame, all the quantities appearing on the right hand side of Eq. (13) 
     
Where c and s denote the sine and cosine functions of the angle given as subscript. Here  is the right ascension of the ascending node and i is the inclination angle of the chief spacecraft.
Based on the above discussions, the Lorenz accelerations expressed in RM frame can be formulated by substituting Eq. (11) and Eq. (13) into Eq. (10) as:
In the present investigations, the desired trajectory is calculated from the circular formation. The chief and deputy spacecraft keep a constant separation from each other, and the formation model is mathematically defined as 
Where dc r is the circular formation size,  is the phase angle between the chief and the deputy satellite (the initial phase angle is determined through the initial conditions), and n is the mean orbital rate of the chief trajectory. In this paper, we only deal with this kind of formation type, although the proposed controller developed is applicable to any formation types and spacecraft configurations.
Novelty MSMEFC Design with Lorentz Force
Based on the chief-deputy SFF mathematical model presented in the previous section, we present the theoretical basis for developing the novelty MSMEFC with the optimal Lorentz force for the SFF in the presence of unknown spacecraft masses, thruster fault and external disturbances. The design of proposed MSMEFC can be divided into three parts [21] [22] , which is given with details in the following parts.
To facilitate the discussions below, we define the relative state vector and the desired relative trajectory as , ρ ρ  and 
As discussed earlier, the deputy spacecraft mass D m is assumed to be unknown. It is estimated online by the proposed adaptation law that provides the estimate parameter to the controller. Therefore, the parameter estimation error is given by:
Where   D m t   denotes the estimate of the deputy spacecraft mass D m . For the closed-loop system, the estimated parameter does not converge to their true value; therefore, the parameter update law is only introduced for the robustness purpose [17] .
Basic Controller for Novelty MSMEFC
The first step of the novelty MSMEFC is to derive the basic controller for SFF without the external disturbances based on the ANTSMC. It is well known that the control performance of a SMC relies heavily on the chosen sliding manifold. The ANTSMC owns the nonlinear hyper-plane-based sliding mode, which has a wide variety of design strategies with rapid and finite time convergence [26] .
Based on the SFF system described by Eq. (7) and the definition of the tracking error in Eq. (18), the nonsingular sliding manifold is designed as 1 1
Where 3 
It is important to pay attentions that one of the vectors has the fractional power in the nonlinear sliding surface in Eq. (20) . For the vector p q ε  , the fractional power is defined as. The ANTSMC design starts with building sliding manifold in the system state space. Our objective is to derive the control law that can drive the deputy spacecraft to a desired trajectory and maintain it there. Therefore, we derive the control law to estimate the deputy spacecraft mass, which is given based on the Lyapunov stability theorem without considering the effects of the external disturbances. The candidate Lyapunov function is defined as follows [17, 26] .
Where 1  is a positive constant. Taking the derivative ofV along its trajectory gives:
Substituting for D m ρ  from Eq. (7), one can obtain:
Adding the relationship of D m described in Eq. (19) , the new form ofV  is as follows:
It is important to emphasize that the control force u is different from the U in Eq. (7), which is the process controller without the external disturbances. Based on Eq. (25), the control law described by control force and the adaptive law for the mass of the deputy spacecraft are defined as:
The acceleration form of the control force (26) can be rewritten as:
Where   3 3 , ,
It is important to note that
 is a diagonal matrix with the form as follows:
Because p and q are positive odd integers, in order to convenient for the control law designed by Eq. (26) to avoid singular problem, we must add another constrain 1
For the SFF mathematical model in Eq. (7), if the basic control law is defined by Eq.(26), then the system will asymptotically approach to the sliding mode surface   1 0 t  S without considering the external disturbances. Furthermore, the system tracking error , ρ ρ  will converge to zero in finite time.
Estimation of Disturbances for Novelty MSMEFC
Based on the above controller, the external disturbance accelerations are taken into account and the linear sliding manifold is given as follows: , which is defined as the ideal sliding mode. However, the sliding mode is impossible to achieve due to the existence of external disturbances. The errors between the actual sliding mode and the ideal sliding mode must contain the information of the unknown disturbances. Minimizing the errors between the actual sliding mode and the ideal sliding mode may be an effective approach to estimate the unknown disturbance accelerations in order to improve the control performance [21] [22] .
For this purpose, we can first expand 2 S in a Taylor series based on Eq. (27), such that:
, , , ,
Simulation Results
To study the effectiveness and performance of the proposed novelty MSMEFC with fuel-optimal Lorentz force, the sufficient numerical examples are simulated by using the equations of motion (7) for SFF with the proposed controller (26) and (43). The desired formation is given by Eq.Error! Reference source not found. for the circular formation in elliptical orbit. The performance evaluation presented in this section is divided into two subcategories. First, the effectiveness of the controller for a fault-free case of SFF is given with details and analyzes the fuel consumption with the estimation of unknown disturbances and mass of spacecraft. Then, we examine the effects of thruster degradation, thruster stuck fault and short-term thruster failure on the performance of the proposed control strategies.
For all the simulations presented in this section, the unknown disturbance force   d t F acting on the SFF system is assumed to be time varying, which incorporates atmospheric drag, solar radiation pressure, and some unknown perturbations from the internal or external of the spacecraft. In order to shown the performance of the proposed controller, the unknown disturbances model is deliberately magnified and given by:
Where n is the mean angular velocity and equal to (  is the gravitational parameter of the Earth and c a is the semi-major axis of the chief spacecraft). The SFF system parameters and its orbital parameters for the chief satellite are shown in Table 1 . The control parameters used in all simulations for the novelty MSMEFC are shown in Table. 2. In this subsection, the simulation results are given and analyzed for the fault-free case of SFF. The desired formation structure considered is a projected circular formation, described by Eq. (17) 
In order to assess the effectiveness of the proposed methodologies completely, the control cost can be employed as another important criterion. The value of a spacecraft always lies on its life span, and the life fuel span always depends on the fuel left. Therefore, a controller based on less fuel consumption will always be preferable. Hence, we adopt the following mathematical model to calculate the control cost required for SFF:
Where, , , , ci i x y z  u is the control thrust for SFF, which can be employed as a measure of fuel consumption.
The simulation results are shown for the fault-free case in Figs 2-5 when there is a 1km position offset on all three relative states. The objective is to stabilize the formation when there an initial misalignment exists. It is clear that the proposed novelty MSMEFC shows its advantages in the position error convergence in Fig 2-3 . The estimate of unknown disturbances and mass are simulated in Fig.4 . It is manifest that the estimated disturbances will have some severe fluctuations in the initial phase. Due to the sliding mode error covariance R Error! Reference source not found. cannot match match the weighting matrix W at the beginning; the unknown disturbances cannot be estimated accurately. With the control precision improved gradually, the sliding mode error covariance R can match the weighting matrix W well; therefore, the estimated disturbances can reflect the actual disturbances accurately. In addition, the dynamic coupling of , x y directions in Eq. (7) strengthen the estimated performance of dx F and dy F ; thus, the estimated result in z direction has a little weak performance in Fig.4 . For the estimation of the mass of spacecraft, the estimated error is less than 2%, which can fully show the effectiveness of the proposed method. Although a 1km position offset is very high and the control force is saturated at 10mN, the control forces are saturated quickly in the short period with high control precision in Figs. 3 and 6 . With the auxiliary Lorentz force, the thruster control force of charged spacecraft is slighter than that of uncharged spacecraft. To modify the serious initial position offset, the deputy spacecraft needs large control force, most of which is provided by the thruster on-board. Because, the auxiliary Lorentz force is limited by the directions of the local magnetic field and velocity, which cannot generate enough Lorentz force for the three directions at any time with the limitation of the maximum specific charge. But it can also reduce the fuel consumption with time accumulated in Fig.6 . It is obvious that the charged spacecraft can save the fuel on-board over than that of uncharged spacecraft for the formation keeping with optimal specific charge.
Conclusions
In this paper, the main contribution is to propose a novelty controller based on the MSMEFC methodology with the fuel-optimal Lorentz force strategy, in the presence of thruster faults, unknown disturbances and unknown mass of the deputy spacecraft. The theoretical difficulties of this method are to estimate the mass of the spacecraft and the unknown disturbances, which are derived and proved on the basis of the Lyapunov stability theorem and minimum sliding mode covariance constraint, respectively. It is shown that the new controller can offset the unknown disturbances and mass of spacecraft accurately, which play a pivotal role in the high precision control. Additionally, the Lorentz force is considered as the auxiliary control force to reduce the fuel cost on-board, which is generated from the optimal specific charge by solving the Euler-Lagrange equation. Based on the above highlights, several scenarios of thruster faults have been introduced that could deviate largely from their nominal regime, which are discussed and analyzed for SFF system to verify the fault recovery and robustness of the novelty MSMEFC. Overall, the numerical results clearly establish the advantages of the proposed control methodology in tracking a desired formation with the existence of subsystem faults, model uncertainties, and unknown disturbances.
